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ABSTRACT 

It  is  shown  that  for  almost  every  system  of  n polynomial  equations 

% .XK eWV  CLM  . 

in  n complex  variables,  the  number  of  solutions  is  equal  to  ~q  s n -q. , 

- i=l  1 

where  q^  is  the  degree  of  equation  i. ^The  proof  of  this  result  is  done 
in  such  a way  that  all  q solutions  can  be  explicitly  calculated  for 
almost  all  such  systems. 

It  is  further  shown  that  if  the  polynomial  system  obtained  by  retain- 
ing only  the  terms  of  degree  q^  in  each  equation  i has  only  the  trivial 
• solution,  then  the  number  of  solutions  is  equal  to  q. 
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SIGNIFICANCE  AND  EXPLANATION 

The  existence  and  uniqueness  of  the  solution  of  systems  of  linear 
algebraic  equations  Ax  = b depends  on  the  ranks  of  A and  the  augmented 
matrix  (A,b).  The  theory  is  particularly  simple  when  A is  £.  square 
matrix:  a unique  solution  exists  in  "most"  cases,  namely  when  Ax  = 0 

has  the  trivial  solution  x = 0. 

Although  of  obvious  practical  and  theoretical  importance,  analogous 
questions  for  systems  of  n polynomial  equations  in  n unknowns  do  not 
seem  to  have  been  settled  definitively,  except  for  the  case  n = 1,  which 
is  the  classical  theorem  that  every  polynomial  equation  of  degree  q has 
exactly  q complex  roots.  This  paper  shows  (as  one  might  expect)  that 
for  "almost  all"  systems  of  n polynomials  in  n complex  variables,  the 
number  of  solutions  is  equal  to  the  product  of  the  powers  of  the  highest 
ordered  terms  in  each  of  the  n equations.  A sufficient  condition  is 
given  for  this  situation  to  occur.  In  this  case  the  solutions  can  be 
calculated  by  a path-following  procedure. 
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ON  THE  NUMBER  OF  SOLUTIONS  TO  POLYNOMIAL  SYSTEMS  OF  EQUATIONS 


* * * 

C.  B.  Garcia  and  T.  Y.  Li 

SI.  INTRODUCTION 

The  fundamental  theorem  of  alqebra  states  that  every  polynomial  equation  of  one 

complex  variable  has  q roots,  counting  multiplicities,  where  q is  the  degree  of 

the  polynomial.  This  paper  generalizes  this  theorem  to  systems  of  n polynomial 

equations  in  n complex  variables.  It  is  shown  that  for  "almost  all"  systems,  the 

n 

number  of  solutions  is  equal  to  q = f]  q.,  where  q.  is  the  deg ree  (the  power  of 

i=l 

the  highest  ordered  term)  of  the  ith  equation.  Emphasis  is  made  on  being  able  to 
calculate  all  solutions.  Hence,  the  proof  is  written  such  that  these  q solutions 
can  be  calculated  if  desired  by  the  path* following  method  first  described  in  (7]. 
(Extensions  of  this  approach  may  be  found  in  (3,  5,  H].)  Moreover,  the  method  of 
proof  can  be  used  to  furnish  a new  constructive  and  topological  proof  of  the  classical 
algebraic  theorems  of  Bezout  111),  and  Noether  and  van  der  Waerden  (9). 

By  "almost  all",  we  mean  that  the  property  is  "typical"  or  "generic" , although 
there  may  be  "exceptional"  cases.  However,  this  does  not  necessarily  mean  that  the 
* exceptional  cases  are  unimportant.  For  example,  for  linear  systems,  our  theorem  would 

reduce  to  a statement  that  the  solution  is  almost  always  unique.  Yet,  this  does  not 
mean  that  one  can  ignore  the  special  cases  when  there  is  no  solution  or  an  infinite 
number  of  solutions.  Hence,  because  the  "exceptional"  cases  are  important,  we  study 
in  section  3 conditions  where  one  can  state  with  certainty  the  number  of  solutions 
to  a particular  problem.  There,  a sufficient  condition  is  given  for  the  number  of 
solutions  to  be  exactly  q. 

• On  leave  from  the  University  of  Chicago.  Research  supi>ortcd  in  part  by 
the  National  Science  Foundation  under  Grant  No.  MCS77-15509  and  the 
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work  supported  by  the  National  Science  Foundation  under  Grant  Nos. 

MCS78-09S2S  and  MCS78-02420. 
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$2.  GENERIC ITV 


Let  P : C1’  -*•  c"  bo  a polynomial  system,  where  C is  the  n-dimensional  complex 
space.  By  a polynomial  system,  we  mean  that  each  term  in  every  equation  is  of  the  form 

r.  r 

1 2 n . . 

a z z.,  ,...,z  (2.1) 

1 2 n 

where  a is  a complex  number,  z^  a complex  variable,  and  r^  a nonnegative  integer. 

We  are  interested  in  the  number  of  solutions  z = (z ,z  . ...,z  ) to 

12  n 

P(z)  = 0 . 

For  each  term  (of  the  form  (2.1))  in  each  equation  i,  consider  the  sum 

♦ r,}  + ...  + r^.  Let  q^  be  the  maximum  sum  in  equation  i.  We  assume  q^  > 0, 

for  all  i.  We  call  q.  the  degree  of  P. . We  show  that  for  almost  all  P, 
n 1 ~ * 

q * n q.  is  the  number  of  solutions  to  P(z)  = 0. 

. , 1 
1=1 

By  “almost  all",  we  mean  that  the  property  is  generic.  In  other  words,  imagine  a 


class  of  problems 


P(z,w)  = 0 


where  w is  a parameter  vector  ranging  over  some  complex  space  C . To  each  poly- 
nomial system  is  associated  a parameter  vector  w,  the  correspondence  to  be  made 
precise  in  a moment.  It  is  best  to  think  of  w as  a random  vector  governed  by  some 
probability  measure  on  Cm.  An  "exceptional”  set  is  then  a set  whose  probability  of 
occurrence  is  0.  A condition  holds  generically  if  it  holds  with  probability  1.  The 
theorem  we  show  is 

Theorem  2.1.  For  all  w except  in  a set  of  measure  zero  in  cm,  the  system 

n 

P(z,w)  = 0 has  exactly  q * !!  q.  distinct  solutions. 

i=l  1 

Let  P : C > C be  given.  We  define  the  parameter  w to  be  the  vector  of 

coefficients  that  uniquely  defines  P.  Given  w,  P is  uniquely  defined,  and  vice 

versa.  The  vector  w belonqs  to  some  complex  space  cm,  for  some  m.  The  integer 

m is  determined  by  the  degrees  q.,  all  i. 

1 2 

We  also  distinguish  certain  coefficients  of  P.  First,  let  a = (a, .)  f C 

l) 

be  the  entries  of  w such  that 
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Aj  1 ih  the  coefficient  of  in  aquation  i . 

rhtn,  let  b be  the  out  ties  ot  w such  that  b « C is  the  constant  term  of  P , 

i 1 

toi  all  i.  Finally,  let  c be  those  entries  of  l*  which  are  the  coeffi  unts  of 

teims  of  degree  g in  equation  i,  foi  all  1 (excepting  the  a *h)  anil  d the 

1 i ) 

test  of  w.  Hence,  w (a,b,c,d)  uniquely  defines  P(s,w)  • 0. 

Fhe  pi oo t is  shown  by  following  the  paths  described  by  the  homo t op y 
nnn  n 

Hit  * K * r where  H is  defined  by 

H (z,t,w)  ■ (1  - t)  (s.  - X)  ♦ tP  (*.w)  • 0 <2. t) 

t i i 


Foi  a f \ xed  w « 0 , starting  from  the  q “ W q trivial  solutions  when  t * 0, 

i-1  1 

we  follow  the  solutions  as  t is  gradually  deformed  to  one  (observe  that  the  g 
trivial  solutions  need  not  be  as  chosen,  but  could  bo  chosen  arbi t rari ly ) . It  will 
be  shown  that  foi  almost  all  w,  the  solution  set 

- 1 u,t)  | H ( z . t .w)  - 0,  0 • t v If  (2.4) 

W 

consists  of  q distinct  j>aths,  where  each  path  starts  at  a trivial  solution  at  t - 0, 
and  ends  at  a solution  to  P(s,w)  ■ 0 at  t » 1.  Hence,  for  almost  all  w,  P(s,w)  • 0 
has  q distinct  solutions. 

M £ 

let  F : D < K * K be  a differentiable  map.  For  any  x i D,  OF  lx)  will  denote 

the  Jacobian  ot  F at  x.  It  x - (u,v)  say,  P Fix)  will  denote  the  paitial  derive 

u 

ativ«  of  F with  respect  to  u.  It  rank  DF(x)  v s,  then  x is  a ct  i t leal  jxnnt 
toi  F.  Otherwise,  x is  a tegulai  poijit  tot  F.  It  y Fix)  foi  some  ci  itical  ix'int 

\ • y \ •*  a\.i  tv'  be  a viitual  value  foi  F Otherwise,  y is  a i eg  ul  at  value  of  F. 

In  oidei  that  H 1 10)  be  consist ing  ot  paths,  we  shall  toquiro  a regularity  con- 

w 

vtitiv'n  on  H and  on  P.  Foi  then  we  can  use  the  following  theorem  (shown  in  l?))  if 
\ tequlanty  condit  ion  holds. 

rheoiem  2.2.  diven  w t v*m,  let  0 be  a requlai  value  ot  P(*,w)  and  0 a regulai 

v a l u«  of  H i • , • , w)  . Then  H ' 10)  vonsist*  of  paths.  Each  solution  in  H ' 10)  at 

W w 

it  t o ot  t l is  an  endpoint  of  the  path.  Moreover,  t is  monotonical ly 

nonincr easing  (nondeci teasing)  on  each  path. 


The  monotonic  i ty  of  t in  Theorem  2.2  implies  that  no  path  can  be  homeomorphic 

to  a circle.  Therefore,  each  solution  of  H * (0)  starting  at  t = 0 (or  t = 1) 

w 

will  either  go  to  infinity  or  go  to  a solution  of  H 1 (0)  at  t = 1 (t  = 0) . 

w 

It  will  now  be  shown  that  for  almost  all  w,  no  path  of  H ^(0)  diverges  to 

infinity  on  {(z,t)|o  < t c 1 } . Hence,  for  almost  all  w,  H 1 (0)  consists  of  q 
— — w 

paths.  Each  path  connects  a trivial  solution  at  t = 0 to  a solution  of  P(z,w)  = 0 
at  t - 1.  Hence  P(z,w)  = 0 has  q solutions. 

We  recall  the  Transversality  Theorem  [1). 

Theorem  2.  3.  For  D C R^,  let  F : D * ■*  R be  r-continuously  differentiable, 

where  r > max(0,p  - s).  Suppose  y f R is  a regular  value  of  F.  Then  for  all 

k k 

u f R except  in  a set  of  measure  zero  in  R , y is  a regular  value  of  F(-,u). 

Let  us  apply  this  theorem  to  P(z,w)  = 0.  Recall  that  w is  partitioned  into 


w = (a,b,c,d) . 

Lemma  2.4.  For  all  a,c,  and  d,  and  for  all  b except  in  a set  of  measure  zero, 

0 is  a regular  value  of  P(-,w)  and  0 is  a regular  value  of  H(-,-,w). 

Proof ; Clearly,  0 is  a regular  value  of  P(-,a,-,c,d)  since  D^P  = X is  of  full 
rank.  Hence,  by  Theorem  2.3,  0 is  a regular  value  of  P(-,a,b,c,d)  for  almost  all 

b.  Similarly,  0 is  a regular  value  of  H ( • , • , a, • ,c, d) . Hence  for  almost  all  b, 

0 is  a regular  value  of  H(- , • ,a,b,c,d) . ■ 

Next,  given  w let  consist  of  the  terms  of  l\(z,w)  with  degree  . 

Observe  that  the  entries  (a,c)  of  w uniquely  identifies  Q.  In  fact,  we  write  0 
as  Q(z,a,c)  = 0.  Now  define 


G (z,t,a,c) 


(1 


t£. (z,a,c) 
i 


0 

1,2, ... ,n 


(2.5) 


Lemma  2.5. 

2 

c"  , 0 is 

Proof:  I f 

t / 0 and 
respect  to 


2 


For  arbitrary  c and  for  all  arc"  except  in  a set  of  measure  zero  in 

a reqular  value  of  G(-,-,a,c)  on  the  domain  set  {(z,t)|z  ^ 0). 

t = 0,  then  z « 0 is  the  only  solution  for  G(",0,a,c)  = 0.  So,  let 

z t 0.  Choose  } such  that  z^  ^ 0.  Then,  differentiating  G with 

a , • (a  . ,a  ,...,a  .)  we  get  D G equal  to  a diagonal  matrix  with 
• j 1 3 23  nj  a 
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di avion* Is  l • l,...,n.  Hence  DC  has  !ull  rank  and  0 is  .t  icoul.n  value 

of  G(* , *,a,c)  for  almost  all  a.  • 

Wo  ato  now  toady  to  prove  Theorem  .'.1. 
r t oo : o t Them  om  j . l . 

fly  Lemmas  J.4  and  *.**,  for  .ill  w e s'W  except  in  a set  ot  measure  eoto  m CX  , 
Pl**w)»0  is  such  that  0 is  a reviulat  value  ot  Pi*,w)  and  Mi"«»vw)  and  0 i<u  tooul.t 
value  of  G(*,*,a,o)  on  l(c,t)|&  + 0 ) . (In  fact  only  tho  entries  a,b  need  be 
perturbed).  Let  w bo  outside*  this  set  ot  measure  coro.  Clearly  the  conclusions  ot 
Theorem  are  applicable.  To  complete  the  proof  of  Theorem  1,  wo  need  only  show 

that  none  of  tho  paths  dive  too  to  infinity. 

Hence  • suppose  for  oont  t. idiot  \ou  that  a path  ir\a),tla))  in  H o"  divot  oos  t .*  in!  in 


ityas  a approaches  some  a.  Consider,  for  any 

is  homogeneous  in  s of  decree  q , 




i , 


, I »(<*) 

i#i  ^TTTTai 


w 

t (it ) , a , o)  . 


Since  G 

i 


^i  [f^)T  * (a) , a,  c)  • Ij  »(al  ||  ' G^ (# (a) , t (a) ,a,o' 

-q, 

■ ||  r.  la)  ||  (G^ (t (a) , t (a) ,a,c)  - H . (x  (a) , t (a ) , w)  1 

-qt 

■ II  2 (a)  ||  l l - t (a'  ♦ t (a)  1C  la)  ,a,  o'  - P v?  la)  w'  1 1 

i l 

k 0 as  a fc  a . 


Hence,  with  (c,t'  a cluster  jvint  of  (Tj  ; J tj-,  t va ) ) we  have  Gi?.,t,a,c)  * C, 
| ! r j | • 1 , C ^ t < l,  Since  G is  homogeneous,  G(\s  t,a,c'  0 for  all  \>mplox 
numbers  V.  Tito  solution  tv'  G(*,%,a,c)  • 0 is  not  a path  in  a neighborhood  ot 
ir,t)  so  that  0 is  not  a regular  value  of  <.*(•,*, a, o)  on  the  set  i t , t ' * O', 

a oon t rad i o t ion . • 

vt'setve  that  tho  method  of  pnv(  shows  a constructive  way  ot  generating  all  the 
q solutions  fot  almost  any  w.  Simply  use  the  method  described  in  I'M  to  follow  un\ 
of  the  'i  paths  starting  at  a trivial  solution  at  t 0.  Without  tail,  this  path 
would  lead  us  to  a solution  to  P ( r. , w ' - d at  t » l . 


-s- 


§ 3.  SUFFICIENCY  CONDITIONS. 

Suppose  wo  are  given  a particular  polynomial  system  P(z,w)  = 0.  How  many  solutions 
will  there  be  to  this  polynomial  system? 

The  answer,  as  shown  in  section  2,  is:  "q,  with  probability  one"  where  q is 
the  product  of  the  degrees  of  the  equations.  The  problem  with  this  answer,  however, 
is  that  oftentimes,  when  faced  with  a particular  polynomial  system,  we  need  an  uncon- 
ditional answer. 

This  section  shows  a sufficient  condition  for  a given  polynomial  system  to  have 
exactly  q solutions.  Then,  we  show  how  the  condition  can  be  applied  to  certain 
nontrivial  polynomial  systems. 

The  theorem  we  show  is 

Theorem  3.1.  Let  P(z,w)  * 0 be  given,  and  let  Q(z,a,c)  =0  be  its  corresponding 

highest  ordered  system  of  equations.  If  Q(z,a,c)  = 0 has  only  the  trivial  solution 

n 

z - 0,  then  P(z,w)  = 0 has  q = n q.  solutions,  where  q.  is  the  degree  of  P.. 

i=l  1 1 1 

Our  method  of  proof  of  Theorem  3.1  can  be  used  to  prove  the  classical  theorem  of 

Bezout  [11]  and  the  theorem  of  Noether  and  van  der  Waerden  [9],  The  first  theorem 
states  that  an  arbitrary  P(z,w)  = 0 has  at  most  q isolated  solutions.  The  second 
theorem  states  that  under  the  hypothesis  of  Theorem  3.1,  P(z,w)  = 0 has  at  most  q 
distinct  solutions.  (This  theorem  was  rediscovered  by  S.  Friedland  [6]).  These  classi- 
cal theorems  were  proved  by  algebraic  approaches. 

Let  us  introduce  a definition  for  multiplicity.  Consider  an  isolated  solution 
z°  of  P(z,w)  = 0.  Let  N be  an  open  neighborhood  of  z°  containing  no  other 
solution  of  P(z,w)  = 0.  Let  deg(P(- ,w) ,N,0)  be  the  Brouwer  degree,  where  P(-,w) 

is  regarded  on  the  space  R**n,  the  space  induced  by  Cn  in  a natural  fashion.  [2] 

states  that  deg(P,N,0)  is  always  a positive  integer.  We  say  z°  is  a solution  of 
multiplicity  k if  deg(P,N,0)  = k.  Thus  in  Theorem  3.1,  every  solution  is  counted 
k > 1 times. 

To  prove  Theorem  3.1,  we  need  a couple  of  lemmas. 


I 
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Lemma  3.2. 


Let  P(z,w)  = 0 be  given.  If  Q(z,a,c)  = 0 has  only  the  trivial  solution, 
then  there  is  a finite,  nonzero  number  of  solutions  to  P(z,w)  = 0. 

Proof:  By  Theorem  2.1,  for  almost  all  e e C1",  P(z,w  + e)  = 0 has  exactly  q 
solutions.  Let  z(e)  be  a solution  of  P(z,w  + e)  =0.  We  show  that  the  sequence 
iz(e))  remains  in  a bounded  set  as  e approaches  0. 

For  contradiction,  suppose  ||z(e)||  • as  e -*■  0.  Then 

®i (efl[  ' a'c)  = Hz(e)ll  1 QAz(e),l,Z) 

-q . 

= ||z(e)||  1 [Qi  (z(e)  ,a,c)  - PMzfel.w  + e)] 

-q. 

= ||  z (e ) ||  1 [Q^  (z  (e) , a,  c)  - PMz(e),w)  - p (z(e),e)] 

-*  0 as  e ->•  0 . 

Hence,  if  z is  a cluster  point  of  -jj , we  have  Q(z,a,c)  = 0,  ||z||  =1,  a 

contradiction. 

Thus,  each  z(e)  remains  bounded  as  e approaches  zero.  By  continuity,  all 

cluster  points  of  the  sequence  {z(e)}  are  solutions  of  P(z,w)  = 0. 

Hence,  the  solution  set  of  P(z,w)  =0  is  nonempty  and  bounded.  But  from  [10, 
Corollary  2.2],  this  implies  that  each  solution  is  isolated.  Therefore,  there  must  be 
a finite,  nonzero  number  of  solutions  for  P(z,w)  =0.  ■ 

Lemma  3.3.  Let  z ^ be  an  isolated  solution  of  P(z,w I =0  of  multiplicity  k.  Let 
N be  an  open  neighborhood  of  z°  containing  no  other  solution  of  P(z,w)  = 0.  Then, 
for  all  sufficiently  small  e e cm  such  that  0 is  a regular  value  of  P(-,w  + e) , 
P(z,w  + e)  = 0 has  k distinct  solutions  in  N. 

Proof:  Since  the  Brouwer  degree  is  invariant  under  small  perturbations,  for  all 

sufficiently  small  e,  deg(P(-,w  + e),N,0)  = k.  Since  D P(-,w  + e) , regarded  on 

z 

the  space  R2n,  has  nor.negative  determinant  [4],  and  since  0 is  a regular  value  of 

P(- ,w  + e) , we  have  that  the  number  of  solutions  for  P(z,w  + e)  = 0 in  N equals 

the  Brouwer  degree,  namely  k.  ■ 

We  are  now  ready  to  prove  Theorem  3.1. 
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Proof  of  Theorem  3.1. 


— 12 
From  Lemma  3.2,  the  solutions  for  P(z,w)  = 0 are  {z  ,z  , ... 


for  some 


integer  p ^ 1.  Let  z have  multiplicity  k^,  for  i = l,2,...,p.  By  Theorem  2.1 
for  almost  all  e,  P(z,w  + e)  = 0 has  q distinct  solutions. 

But  as  e approaches  zero,  these  q solutions  will  tend  towards  solutions  of 


P(z,w)  = 0.  Hence,  we  have  from  Lemma  3.3  that  q 


f v 


i=l 


Remarks: 

1.  If  0 is  a regular  value  of  P(-,w)  in  Theorem  3.1,  then  all  q solutions 
will  be  distinct. 

2.  Given  an  arbitrary  system  P(z,w)  = 0,  by  Lemma  3.3  and  Theorem  2.1,  the 
number  of  isolated  solutions  of  P(z,w)  =0  is  at  most  q.  This  is  the  classical 
theorem  of  Bezout. 

3.  If  Q(z,a,c)  = 0 has  only  the  trivial  solution,  then  by  Lemma  3.2  and 
Bezout's  theorem  above,  there  are  at  most  q distinct  solutions  of  P(z,w)  = 0. 

This  is  the  classical  theorem  of  Noether  and  van  der  Waerden  [9). 

4.  Given  an  arbitrary  P(z,w)  = 0,  all  isolated  solutions  can  be  generated  by 
the  method  in  [7). 

5.  The  hypothesis  of  Theorem  3.1  can  be  constructively  verified.  For  there  is 
a classical  procedure  [11]  for  determining  whether  or  not  a homogeneous  system  Q - 0 
has  nontrivial  solutions. 

6.  Note  that  the  condition:  Q(z,a,c)  = 0 only  has  a trivial  solution,  is  a 
condition  on  the  form  in  which  P(z,w)  =0  is  written.  For  example,  the  system 

2Z1Z2  + Z1  = 1 
Z1Z2  + Z2  = 2 

has  only  two  solutions,  so  that  Q = 0 must  have  nontrivial  solutions,  as  indeed  it 
does.  The  equivalent  system,  however, 

Z1  “ 2z2  = "3 
Z1Z2  * Z2  = 2 
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has  only  trivial  solutions  for  Q = 0,  so  that  this  form  of  the  equations  reveals  that 
the  system  has  only  two  solutions. 

Finally,  let  us  show  some  applications  of  Theorem  3.1  to  certain  systems. 

Theorem  3,4.  Let  P(z,w)  = 0 be  such  that  Q(z,a,c)  =0  is  of  the  form 


1 “ 1, 2, . . . ,n 

j=l  13  3 


where  e.  are  complex  numbers,  and  r a positive  integer.  Then,  if  e = (e  ) is 
13  ij 


nonsingular,  P(z,w)  = 0 has  r solutions. 


Proof:  The  system  ey  - 0 where  y = (y  , . ...y^)  are  complex  variables  has  only  the 

n 

trivial  solution.  Thus,  the  system  7 e. ,zr  = 0 all  i,  has  only  the  trivial 

j=l  13  3 

solution.  a 

2 

Let  e = (e  ) e C . A principal  submatrix  of  e is  a submatrix  formed  by 
deleting  row  i and  column  i,  for  i « I,  where  I ^ {l,2,...,n}  ( x = <j>  is 
possible)  . 

Theorem  3.5.  Let  P(z,w)  = 0 be  such  that  Q(z,a,c)  = 0 has  the  form 


s . n 

2 <z,a,c)  = z.x  ( l e.  ,zr)  . 
1 i 13  3 


If  e = ( e . . ) has  nonsingular  principal  submatrices,  then  P(z,w)  = 0 has  II  (r  + s.) 
13  i-1 

solutions. 

Proof:  Consider  any  z satisfying  Q(z,a,c)  =0.  If  z ^ 0,  then  let  z = (Zj.,0) 
where  z^  ^ 0,  all  i * I.  Since  Q^(z,a,c)  = 0,  all  i e I,  we  must  have 


l e.  .zT  = 0,  all  if  I,  i.e.,  e y = 0 where  e is  the  principal  submatrix 
jel  13  3 II  i II 

formed  by  deleting  row  i and  column  i,  for  i / I,  and  y.  = zr,  i e I.  Since 

1 1 

e^  is  nonsingular,  y = 0,  a contradiction. 
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